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Direct numerical simulations of the motion of many buoyant bubbles are presented. The Navier–
Stokes equation is solved by a front tracking/finite difference method that allows a fully deformable
interface. The evolution of 91 nearly spherical bubbles at a void fraction of 6% is followed as the
bubbles rise over 100 bubble diameters. While the individual bubble velocities fluctuate, the average
motion reaches a statistical steady state with a rise Reynolds number of about 25. ©1999




























































dedWhile direct numerical simulations, where the flow fie
is fully resolved and inertial and viscous effects are
counted for, have become a standard research tool in
study of the turbulent motion of homogeneous flows, su
simulations are more recent for multiphase flows. The n
for numerical simulations in the study of multiphase flow h
been clear for some time. However, the challenge of sim
lating the unsteady motion of moving interfaces has led m
investigators to use simplified models. For dispersed flo
where bubbles, drops, or solid particles of one phase m
within another, continuous, phase, assuming Stokes fl
~Charles and Pozrikidis,1 Brady,2 Loewenberg and Hinch3!,
potential flow~Sangani4!, or point particles~Elghobashi and
Truesdell,5 Wang and Maxey,6 Squires and Eaton7! are typi-
cal examples of such simplifications. In this letter, results
a simulation of the motion of 91 fully deformable buoya
bubbles rising at a Reynolds number of about 25 are p
sented.
Esmaeeli and Tryggvason8,9 used direct numerical simu
lations to examine the motion of a number of rising bubb
at low, but finite, Reynolds numbers~around 1–2, depending
on volume fraction and dimensionality!. The simulations
were done using periodic domains and included up to
two-dimensional bubbles or 8 three-dimensional bubb
The simulations showed that a regular array is unstable
that it breaks up through two-bubble interactions of t
‘‘drafting, kissing, and tumbling’’ type~Fortes, Joseph, an
Lundgren!.10 Although the motion of a regular array atO(1)
Reynolds numbers is similar to that in Stokes flow, the e
lution of the free array differs by the strong two-bubble i
teractions. In Esmaeeli and Tryggvason,11 the evolution was
examined at a higher Reynolds number~a ound 20–30 for
the lowest volume fraction!. For the low Reynolds numbers
the freely evolving array rose faster than the regular one
agreement with Stokes flow predictions, but at the hig
Reynolds number the freely evolving array rose slower th





















periodic box was examined for the two-dimensional syste
and it was found that the rise Reynolds number and the
locity fluctuations in the liquid~the Reynolds stresses! gen-
erally increase with the size of the system due to an inve
energy cascade. While some aspects of the three-dimens
flows, such as the dependency of the rise velocity on
Reynolds number, are predicted by results for tw
dimensional bubbles, the structure of the bubble distribut
and the magnitude of the Reynolds stresses, is not. For
rences to other computations of bubble motions, see
maeeli and Tryggvason.9,11 For solid particles, Feng, Hu, an
Joseph12 have performed calculations of many particles
three dimensions. The results reported here include a m
larger number of bubbles than those presented by Esma
and Tryggvason and were obtained by a parallel code u
the same methodology.
The motion of the bubbles is calculated by the fin
difference/front tracking method developed by Unverdi a
Tryggvason.13,14The Navier–Stokes equations are solved
a second-order accurate projection method, using cent
differences on a fixed, staggered grid. In order to keep
boundary between the bubbles and the ambient fluid sh
and to accurately compute the surface tension, the ph
boundary is tracked by marker points connected by trian
lar elements~the ‘‘front’’ !. The maker points are advected b
the fluid. As the front deforms, surface markers are dyna
cally added and deleted, as described in Unverdi a
Tryggvason13 and Tryggvasonet al.15 The surface tension is
represented by a distribution of singularities~delta functions!
located at the front. The gradient of the density and visco
becomes a delta function when the change is abrupt ac
the boundary. To transfer the front singularities to the fix
grid, the delta functions are approximated by smooth fu
tions with a compact support on the fixed grid. At each tim
step, after the front has been advected, the density and
viscosity fields are reconstructed by integration of t



























































1968 Phys. Fluids, Vol. 11, No. 8, August 1999 B. Bunner and G. Tryggvasonto the nodal values of the discrete Navier–Stokes equati
Combining the continuity equation with the momentu
equation results in an elliptic equation for the pressu
which is solved by a multigrid method. This enforces
divergence-free velocity field.
The one-field approach, where the governing equati
are solved simultaneously for both fluids and the interfa
singularities are approximated on a stationary grid, is a
used in the well known volume-of-fluid~VOF! method
~Scardovelli and Zaleski16! and in the more recent level se
method. However, in these methods, the interface is loca
by a marker function that is advected on the fixed grid
stead of by explicit marker particles as done here. Fo
detailed description of the method and various validat
tests, see Unverdi and Tryggvason,13,14 Tryggvasonet al.,15
and Esmaeeli and Tryggvason.9
Accurate and fast simulations of large, well-resolve
three-dimensional bubble systems can only be obtained
parallel computing. The method was therefore reimp
mented for distributed-memory parallel computers using
message passing interface~MPI! protocol. Different strate-
gies are employed for the grid and the front. The Navie
Stokes solver, including the multigrid pressure solver, is p
allelized by simple domain decomposition. The flow doma
is partitioned into equisized subdomains, each subdom
supported by a different processor, and boundary data


















exchanged between adjacent subdomains. The front is p
lelized by a master-slave technique which takes advantag
the nature of the physical problem to limit programmin
complexity and provide good performance. When a bubbl
spread over more than one subdomain, one processor is
ignated as the ‘‘master’’ for that bubble. It handles and ce
tralizes the corresponding data and sends it to the other
cessors, or ‘‘slaves,’’ which then distribute the front da
onto the fixed grid. While most of the code parallelizes ve
efficiently due to the natural load balancing of the physi
problem, the parallelization efficiency is somewhat degrad
by the multigrid solver. Coarse grain parallelism is therefo
employed. The simulation presented here was performed
eight nodes of an IBM SP2, so that the computational
main was divided into eight subdomains. It required 30 0
time steps, each step taking about 133 s, for a total of 110
on each node.
The parallel code was used to simulate several syst
with different number of bubbles in the triply periodic do
main. Here, we show results from a simulation with
bubbles. The flow is determined by the Eo¨tv¨s number,Eo
5rgd2/s, the Galileo number,N5r2gd3/m2 ~or the Mor-
ton number,M5gm4/rs3) and the ratios of the density an
viscosity of the bubble to the ones of the ambient fluid. He
we takeEo51 andN5900 (M51.23.1026). The values of
the density and viscosity inside the bubbles are chosen t
0.02 times the values of the suspending fluid in order
make the solution of the pressure equation easier and fa
Two-dimensional tests using much smaller density rat
~Tryggvasonet al.15! indicate that the effect of the densit
ratio and of the inertia of the fluid inside the bubbles is sm
for these values. The domain is discretized into a 1923 grid,
resulting in about 21 grid points per bubble diameter. A g
independence study has shown that this resolution leads t
accurate solution for these flow parameters.
At the initial time, the bubbles are arranged in a regu
array, which is perturbed slightly by randomly moving th
bubbles in every direction. When they start to rise, th
wakes develop and reach their neighbors, and the array
comes unstable. Other simulations in two and three dim
sions showed that the initial position of the bubbles has
influence on the results after the initial peak in the rise
w





































































1969Phys. Fluids, Vol. 11, No. 8, August 1999 DNS of 3D bubbly flowslocity. The simulations were continued until nondimension
time 128.8, at which time the bubbles have traveled a
tance corresponding to 112.3 bubble diameters or 12.6 p
odic domain sizes. Time is nondimensionalized by grav
and the bubble diameter.
Figure 1 shows the bubble distribution at nondime
sional times 32.2 and 64.4. The cubic boxes represent
edges of the computational domain, which are replicated
periodicity. A few trajectories are superposed on the pictu
Considerable dispersion can be observed particularly in
vertical direction; at time 64.4, the bubbles are spread o
three periodic domains. A detail of the flow field with a fe
bubbles is shown in Fig. 2, along with a few streamlines. T
interaction between the bubbles can be seen in the case o
two bubbles in the front. The trailing bubble is entrained in
the wake of the leading bubble. The streamlines also sho
stronger recirculating flow on the trailing bubble than on t
leading bubble.
The average rise Reynolds number of the bubbles
plotted in Fig. 3 versus time. The net flow rate through
boundaries of the computational domain is zero and the R
nolds number is based on the drift velocity, defined as
difference between the average velocity of the bubbles
the volume averaged velocity of the liquid. The bubbles i
tially reach a nearly steady rise Reynolds number co
sponding to a completely regular array. As the array bre
up, the drag increases and the rise Reynolds number
creases, in agreement with the results of Esmaeeli
Tryggvason.11 Unlike both the two- and three-dimension
results of Esmaeeli and Tryggvason, the average rise velo
is essentially steady and exhibits only minor fluctuations
The average fluctuation Reynolds number, defined as
root-mean-square value of the differences between the i
vidual bubble velocities and their average velocity, is plot
in Fig. 4 for the vertical and horizontal directions. The flu
tuations vary in time and do not settle to a constant va
even after a long time, but they appear to have reache
statistical steady state. Fluctuations in the rise direction
about three times larger than in the lateral directions.
The results presented here show the feasibility of us
direct numerical simulations to examine the dynamics of
nite Reynolds number bubbly flows and to provide quant
tive data and insight for modeling. We believe that t
present simulation will allow us to identify the domina
interaction mechanisms between the bubbles and to un


































stand the microstructure of the bubble distribution. A co
plete analysis of these results and of the results of sim
tions of larger systems will be reported in a futu
publication.
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